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Abstract
In this work, we present a SSIM [16] optimal JPEG 2000 rate allocation algorithm. However,
our aim is less improving the visual performance of JPEG 2000, but more the study of the
performance of the SSIM full reference metric by means beyond correlation measurements.
Full reference image quality metrics assign a quality index to a pair of a reference and
distorted image. The performance of a metric is then measured by the degree of correlation
between the scores obtained from the metric and those from subjective tests. It is the aim of
a rate allocation algorithm to minimize the distortion created by a lossy image compression
scheme under a rate constraint.
Noting this relation between objective function and performance evaluation allows us now to
define an alternative approach to evaluate the usefulness of a candidate metric: we want to judge
the quality of a metric by its ability to define an objective function for rate control purposes,
and evaluate images compressed in this scheme subjectively. It turns out that deficiencies of
image quality metrics become much easier visible — even in the literal sense — than under
traditional correlation experiments.
Our candidate metric in this work is the SSIM index [16] proposed by Sheik and Bovik
which is both simple enough to be implemented efficiently in rate control algorithms, but yet
correlates better to visual quality than MSE; our candidate compression scheme is the highly
flexible JPEG 2000 [3] standard.

1. Introduction
The most traditional objective function used in rate allocation algorithms is of course the mean
square error (MSE) between reference and distorted image; this is mostly because MSE is simple
and mathematically tractable, and many results have been derived in rate distortion theory for this
metric. However, it is also known that MSE correlates only poorly to perceived quality; naturally, image
compression algorithms employing MSE as their objective function yield sub-optimal subjective quality.
For example, it has been observed [25] that MSE optimal JPEG 2000 [3] is often outperformed by
traditional JPEG [2] in subjective tests. While a couple of suggestions exist to address this deficiency [5],
[1], these proposals are not based on an existing tested quality metric, but rather employ known results
from psycho-physics.
In this work, we want to fit the pieces together: Equipping JPEG 2000 with a multi-scale SSIM
optimal rate allocator, showing that the resulting images show indeed an improvement in SSIM score,
and evaluating the performance of SSIM by judging the quality of the resulting images — very much
unlike the traditional approach that would evaluate the correlation of the SSIM score with a subjectively
assessed score. We believe that this alternative approach is not only more fruitful in identifying metrics
that are more successful for image compression purposes, but we also believe that this approach identifies
weaknesses of metrics more easily than a correlation study since it allows the identification of image
artifacts tolerated by the metric. This work is in line with the publication of Wang et al [13] where
the SPIHT rate allocation had been used to maximize the SSIM, though the intend of the earlier work
was less to study the performance of the metric. Finally, the analysis performed in this work is of some
interest of its own: We find, similar to other recent works [19] that SSIM is mostly equivalent to more

traditional metrics employing known phenomena such as the contrast-sensitivity function [14], [9] or
visual masking [6], [11] of errors due to texture.
This work is structured as follows: In the next section, we present a brief overview on the multi-scale
SSIM metric. Following that, we describe how rate allocation in the JPEG 2000 standard works. The next
section develops a simplification of SSIM that is, within a high-bitrate approximation, equivalent to the
original, but is easily implementable as objective function in the JPEG 2000 rate allocation framework.
We provide experimental results of our implementation in the following section, presenting both numerical
results and some example images, and conclude with an outlook on future works.

2. On Multi-scale SSIM
Very much unlike traditional image quality metrics that implement a physio-visual model of the human
visual system, SSIM [15] follows a top-down approach by separating reference and distorted image into
luminance, contrast and structure components, and pools their contribution into a single index. Luminance
l, contrast c and structure s are defined as follows:
2σx σy + C2
σxy + C3
2µx µy + C1
c(~x, ~y ) = 2
s(~x, ~y ) =
.
(1)
l(~x, ~y ) = 2
µx + µ2y + C1
σx + σy2 + C2
σx σy + C3
Here ~x and ~y denote samples in the same local neighborhood of reference and distorted image, µx denotes
their mean, σx their variance and σxy their covariance, respectively. The constants C1 to C3 are small
numbers that avoid numerical instabilities for denominators close to zero. For the single-scale SSIM, l,
c and s are measured over small image blocks, then multiplied, assigning a local quality index to that
block, and the total index is computed by averaging the local index over the complete image area. It is
easy to see that this index is symmetric, and equals unity for identical images1 .
In the multi-scale version [16], this procedure is extended by computing the index on scales of the
images, each of which is obtained by downscaling the original images by a power of two plus suitable
filtering to avoid aliasing. For the multi-scale index, the contribution from scale j is taken to a power γj
weighting the contribution of that scale, and the product of weighted contributions from all scales gives
the full index. The weights γj are similar to contrast sensitivity weights — as we shall see — and have
been found by extensive subjective tests. We picked the weights from [16]. Since the luminance of all
scales is identical by definition, it is sufficient to measure it only at the lowest scale. That is,
MS-SSIM(~x, ~y ) = l(~xM , ~yM )γM

M
Y

c(~xj , ~yj )γj s(~xj , ~yj )γj .

(2)

j=1

Similar to the above, ~xj and ~yj denote the pixel values of reference and distorted image at scale j.

3. Rate Allocation in JPEG 2000
The JPEG 2000 compression algorithm first decomposes the image by a cascaded discrete wavelet
transformation, giving one low-pass band and three differently oriented high-pass bands for each decomposition level. In the Mallat decomposition as used here, only the low-passes are transformed again,
leaving the high-passes alone. Each band b is separated into so-called code-blocks c which are encoded
independently by the EBCOT [3] algorithm: all coefficients from each codeblock are scanned bitplane
by bitplane, and each bitplane is encoded in three coding passes. In each coding pass, the distortion
Dj,b,c (tj,b,c ) and rate Rj,b,c (tj,b,c ) are measured, giving the rate distortion R over D of this codeblock,
where t labels the coding pass and thus potential truncation positions of the encoding procedure.
Even though the JPEG 2000 standard does not require this, most implementations define the distortion
as the mean square error between the image area identified with the codeblock in in the reference image,
and the image the decoder would reconstruct from the data it received up to the truncation position t;
rate is given by the output stream size of the entropy coding back-end.
1. SSIM is not a metric in the mathematical sense, though. The triangle inequality does not hold.

Rate allocation tries now to optimize the total distortion, that is the sum of all local contributions,
under a total rate constraint. In a Lagrangian formulation, this is equivalent of finding stationary points
of the following functional in the encoding truncation positions tj,b,c :
X
X
J :=
Dj,b,c (tj,b,c ) + λ
Rj,b,c (tj,b,c ) .
(3)
j,b,c

j,b,c

Since the contribution to rate and distortion in codeblock (j, b, c) depend only on the fractional bitplane
where encoding stops in this bitplane, i.e. on tj,b,c , one can now, by a short computation, identify λ with
the critical slope of all rate distortion curves; J becomes then stationary if and only if the cut-off points
tj,b,c are chosen such that the slope of all rate distortion curves at tj,b,c become equal. The target rate
can then be hit by a bisection algorithm over λ. For details, we refer to [3], [4].

4. EBCOT Rate Allocation for SSIM
The first step in implementing a SSIM optimal rate allocation in JPEG 2000 is noting that the SSIM
is multiplicative by nature, but eqn. (3) requires an additive distortion measure. However, this problem
is easily resolved by noting that instead of optimizing MS-SSIM directly, one can optimize its logarithm
as well. Naturally, we pick the block size of the SSIM index equal to the codeblock size of the JPEG
2000 encoder, which also means that the sliding window average of the SSIM index is replaced by the
non-overlapping average over the codeblocks. Note that even though codeblocks are typically larger than
the window size of the SSIM, their size can be adjusted by a coding option. The image scales of the SSIM
computation are of course identified with the wavelet low-pass bands containing downscaled versions of
the image.
The logarithm of the index then splits into a sum of contributions from all scales of the image, with
multiplicative weights γj for each scale:
!
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(4)
N
j
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where the inner sum over c is the sum over codeblocks, and Nj is the number of codeblocks in scale j.
In the next step we note similar to other authors [17], [19] that for C2 = C3 the product of structure
and contrast term can be expressed in terms of the MSE and a denominator that looks surprisingly similar
to the visual masking model proposed by Zeng and Daly [1], here however with a larger exponent of 2:
2M σxy

=

2 h~x − µx , ~y − µy i = M σx2 + M σy2 − k(~x − µx ) − (~y − µy )k

2

2

k(~xj,c − µx,j,c ) − (~yj,c − µy,j,c )k
,
(5)
k~xj,c − µx,j,c k2 + k~yj,c − µy,j,c k2 + C2 Mj
where Mj is the number of coefficients in a block at scale j, i.e. the number of coefficients of which the
variance resp. covariance is computed.
This expression depends on the reconstruction error in the numerator, which is directly available in
the JPEG 2000 EBCOT rate allocator [5], but also on the reconstructed coefficients itself. Furthermore,
the logarithms do not allow an easy error pooling as required by the Lagrangian functional, eqn. (3).
We therefore make now the assumption that the reconstructed image is close to the reference image, i.e.
~x − ~y is rather small or the image quality is high. Under these assumptions, the fraction in eqn. (5) is
close to zero because the numerator is small. We get for the first order linear term of its Taylor series
the following expression:
⇒

c(~xj,c , ~yj,c )s(~xj,c , ~yj,c )
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k(~xj,c − µx,j,c ) − (~yj,c − µy,j,c )k
=: 1 − Dj,c
2k~xj,c − µx,j,c k2 + C2 Mj

1 X
Dj,c
Nj
c∈Cj

(6)

It is readily calculated that the luminance term becomes unity in first order, and it can be simply ignored
for our purposes. The fact that the luminance term has only minor impact on the overall performance of
the SSIM metric has also been noted by Rouse and Hemami [18] in their experiments and is thus also
justified heuristically.
One issue remains, namely that the numerator of the approximated SSIM distortion Dj,c is to be
computed in the scale j of the image domain, whereas the JPEG 2000 EBCOT process operates on the
wavelet high-passes. To overcome this problem, we note that the error in scale j can be estimated by the
sum of all errors made in the bands contributing to this scale in the reconstruction process, times a weight
given by the inverse impulse response of the filter that reconstructs the scale from its sub-bands. A similar
approximation is traditionally used in MSE optimal JPEG 2000 rate allocation processes; there, however,
the inverse impulse response is computed in the image domain, i.e. for scale j = 1. This approximation,
j,b
while only exact for orthogonal filters, is justified
P asj,bfollows: Denote by T the wavelet reconstruction
j,b
filter from band b to scale j with (T ~x)i = k t (i − k)xk , i the spatial location of the coefficient,
and assume that ~x in the source band b is a representative of a decorrelated i.i.d. process with zero mean.
Then the expectation of the MSE in scale j is given by
!
 X X
2
E kTj,b ~xk =
tj,b (i − k)tj,b (i − l) E(xk xl ) ,
(7)
k,l

i

but the last term vanishes for l 6= k because x is decorrelated, and we have
XX
X
2
EkTj,b ~xk2 =
tj,b (i − k)tj,b (i − k)E(x2k ) =
tj,b (i)2 E(k~xk2 ) = γ̂j,b
E(k~xk2 )
k

i

(8)

i
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as claimed, with a factor γ̂j,b
that depends on the source wavelet band b and the target scale j only.
Putting everything together, we have the following expression for the (approximate) SSIM distortion
in terms of the MSE and the wavelet scale coefficients:
2
X γj γ̂j,b

Mj
k~xb,c − ~yb,c k2
·
,
(9)
log MS-SSIM(~x, ~y ) ≈ −
2Nj Mb k~xj,c − µx,j,c k2 + C2 Mj
j,b,c

2Mb

where we again simplified the numerator by assuming that the mean values of reference and distorted
image are approximately identical.
This expression is now suitable for a modified JPEG 2000 rate allocation process, and also admits
a very nice interpretation: The numerator of the fraction is the classical MSE term already computed
on the fly by the EBCOT rate allocation process in the band b and codeblock c. The denominator is a
masking term which has to be computed in the scale j, i.e. in the downscaled image domain and not
in the wavelet high-pass that gets encoded. Luckily, this term can be computed upfront in the wavelet
2
decomposition process and remains constant within the encoder. The factor γj γ̂j,b
Mj /2Nj Mb , finally, is
equivalent to a fixed contrast sensitivity masking term, and contains both the relative amplitude gain due
to the wavelet filtering process, as well as the band visibility term obtained by Bovik et al obtained by
MS-SSIM calibration [16] with subjective tests.

5. Experiments
As explained in the introduction, the focus of this work is to evaluate the performance of SSIM as the
objective function of a rate allocation. To this end, we modified the EBCOT rate allocation procedure
of the JJ2000 implementation [22] to measure eqn. (9) instead of the MSE. We compressed images
from the JPEG image test core with the modified implementation, the unmodified MSE optimal JJ2000
implementation and a visually optimized version provided by Pegasus Imaging which both employs visual
weighting and visual masking [26]. To have block sizes comparable to the 11 × 11 blocks suggested for
SSIM, we also set the code block size to 8 × 8 consistently for all three implementations, though the
results do not depend overly on the particular choice. Images then have been compressed to bit-rates
between 0.5 and 1.75 bits per pixel. The quality of the resulting images is then estimated: To test the
correctness of the implementation, we measured the multi-scale SSIM on all images, expecting that the
SSIM-optimal implementation would outperform the two other codecs if the implementation is proper.

We also measured the PSNR, and the VDP score, defined as the relative number of pixels the standard
observer of Daly’s Visual Difference Predictor [8] would distinguish by a probability of at least 75%.
We also applied an experimental DCT based metric, mDCT-PSNR, by the author [25] as an additional
cross check. Unfortunately, we do not have the lab equipment to run subjective tests at the University of
Stuttgart, but we reproduce some of the images here to allow the reader to judge the output himself and
to compare it with our conclusions.
bpp
PSNR-optimal
Visually
SSIM-optimal
PSNR-optimal
Visually
SSIM-optimal
PSNR-optimal
Visually
SSIM-optimal
PSNR-optimal
Visually
SSIM-optimal

0.5
25.61
26.78
28.31
25.02
27.03
29.67
31.24
32.24
34.07
28.98
30.18
32.93

0.75

1.0
1.25
1.5
−20 log10 (1 − SSIM)
29.43
33.02
35.76
38.13
30.90
34.48
36.66
39.62
34.35
38.41
41.08
43.22
28.71
32.14
35.44
38.64
30.99
34.78
37.91
40.64
35.88
39.73
42.60
45.04
35.49
38.02
39.94
41.34
36.14
38.91
40.60
42.62
39.12
41.94
43.77
45.06
33.33
36.88
39.75
42.16
34.58
38.20
41.04
43.48
39.22
42.73
45.23
47.09

1.75

0.5

0.75

40.40
41.89
45.10
41.16
43.29
47.08
42.72
44.61
45.87
44.42
45.41
48.42

15.45
18.53
19.00
10.70
13.94
16.08
26.96
32.32
31.28
13.21
17.63
19.58

24.50
29.76
28.00
16.02
21.87
22.96
45.35
51.70
39.66
21.46
27.87
26.80

1.0
1.25
−20 log10 (VDP)
33.72
44.58
40.92
51.06
34.52
41.21
23.14
30.87
32.77
44.29
29.71
37.59
61.94
73.98
70.46
80.00
45.85
52.40
29.35
40.00
39.50
52.04
33.81
42.98

1.5

1.75

56.48
64.44
48.41
43.88
55.92
45.52
inf
inf
60.00
51.06
66.02
54.90

64.44
73.98
57.08
55.92
70.46
53.98
inf
inf
64.44
61.94
80.00
67.96

Table 1. SSIM scores (left) and VDP scores (right) for the PSNR optimal, the visually tuned and
the SSIM optimal implementation, measured on images from the JPEG test core:
Oahu Northcoast, Zoo, Rokunji and P04 (top to bottom).

Block Size
8×8
16 × 16
32 × 32
64 × 64

PSNR
31.35
32.52
33.21
33.44

SSIM
39.73
40.47
40.52
40.64

VDP
29.71
34.02
36.60
37.46

Table 2. PSNR, SSIM and VDP scores for the SSIM optimal implementation measured on the
Zoo image at 1 bpp. As seen, the JPEG 2000 coding overhead for lower code blocks affects
scores approximately equal for all metrics.

6. Results and Discussion
The plots in Fig. 1 and the numerical results in Table 1 show that the SSIM score is indeed consistently
higher for the implementation using the approximated SSIM implementation as objective function; hence,
the proposed linear version of the SSIM is indeed close, or close enough to the exact version.
The results are not consistent for other metrics, typically the SSIM optimized version performs worst
under evaluation of other metrics. It is also no surprise that the visually optimized JPEG2000 code
performs better in terms of the mDCT-PSNR metric because the visual masking model of the metric and
the objective function of this implementation are related; both are based on the Zeng and Daly model [1].
The resulting subjective image quality is also debatable, and depends on the nature of the image region.
Figures 2,3 show some typical results, again on an example image from the JPEG image test core: The
first column of images has been compressed with the SSIM optimized version of the JJ2000 code, the
second is a visually optimized code by the author [26].
In some image areas, specifically those with high contrast edges as the telegraph wires in the first
pair of images, Gibbs phenomena are much more visible in the SSIM optimized version, and the overall
impression here is that many high frequencies have been dropped. However, the SSIM optimized version
performs better in textured image areas, very notable in the cypress trees in the lower row of figure 2.
Table 2 shows the scores for the zoo image coded with the SSIM optimal implementation at 1 bpp
depending on the code block size. As it is seen here, the coding overhead required for the smaller code
blocks causes a degration in the image quality that is mostly consistent over all metrics. The choice of

oahu_northcoast_scaled

oahu_northcoast_scaled

50

80

70

45

60

VDP/dB

MS-MSSIM/dB

40

35

50

40

30
30

25

20
jj2000
jj2000 (ssim)
jpeg2000 (visual)

jj2000
jj2000 (ssim)
jpeg2000 (visual)

20

10
0

0.5

1

1.5

2

2.5

0

0.5

1

bpp

1.5

2

2.5

bpp

oahu_northcoast_scaled

oahu_northcoast_scaled

100

40

90
38

36
PSNR/dB

PSNR-HSV/dB

80

70

34

60

50

32

jj2000
jj2000 (ssim)
jpeg2000 (visual)

40

jj2000
jj2000 (ssim)
jpeg2000 (visual)
30

0

0.5

1

1.5

2

bpp

2.5

0

0.5

1

1.5

2

2.5

bpp

Figure 1. Objective image quality of the Oahu Northcoast image, measured by the MS-SSIM
itself, VDP, and mDCT-PSNR, an experimental DCT based metric recently proposed by the
author [25], and PSNR (from left to right, top to bottom). The SSIM plot shows −20 log10 (1 − SSIM)
instead of the index itself, making the plots easier to compare.
8 × 8 code blocks to approximate the 11 × 11 block size of SSIM seems to be rather irrelevant compared
to the encoding overhead, thus for any practical purposes chosing larger code blocks is beneficial.

7. Complexity of the Algorithm
It is not the aim of this work to present precise results on the complexity of the SSIM based rate
allocation, but we can at least give a fair estimate on the overhead: First of all, the variances of the
coefficients in all low-passes must be computed. While we currently simply buffer all data, a more
realistic implementation would perform this operation within the wavelet filter stage, requiring one extra
addition and one multiplication per pixel. The modification of the rate allocation stage itself is rather
trivial and requires only a couple of look-up tables for the band-dependent factors, and the collection of
variance data from all image scales the codeblock contributes to. This operation is, however, only required
once per coding pass per codeblock, and shouldn’t contribute much to the overall complexity. We believe
that this is a rather mild overhead, and comparable to other techniques employing some type of masking,
e.g. [5], [1].

8. Conclusion and Outlook
The aim of this work was less to implement an SSIM optimal JPEG 2000, but more to estimate the
quality of a metric by the quality of images generated by employing the metric as objective function. Our
results show that the SSIM metric is not completely consistent with other metrics, though it is consistent
with its approximation made for purposes of rate allocation. The SSIM is simple and efficient enough

Figure 2. Two image regions from the Oahu Northcoast image, left side is the SSIM optimal
JJ2000 implementation, right side is the visually optimized JPEG2000 code, both compressed to
0.75 bpp. Note that the telegraph wires show Gibbs artifacts on the left, while the cypresses are
blurry on the right.

to be deployed in practical applications, but shows potential for improvement should the aim be optimal
subjective quality. Then, however, extensive subjective tests must be performed.
A notable side-result of our work is that the approximations made here show clearly the relation of the
SSIM to traditional masking approaches by Daly and Watson [6], [7], though the masking exponent —
the power in the denominator of eqn. 9 — is somewhat different to that of traditional masking strength
estimates. This might explain some of the deficiencies of the SSIM index. This equivalence of course not
a new result and is very much in line with other works [19] on the same issue.
Performances of metrics, often only expressed in terms of correlation coefficients, become visible by
our approach, also in a very literal sense: For the SSIM, one deficiency seems to be that contributions of
high frequencies are underestimated, and the effect of masking on razor-edges seems to be overestimated.
We will try to drive this research program further in future works, namely understanding the nature of
metrics by employing them as objective functions. One desirable extension would be to have a SSIM-like
metric for color images; to our knowledge, existing proposals use a simple weighting matrix in YCbCr
color space, ignoring that the contrast sensitivity function for chroma differs from that for luma. These
approaches should also be refined to use a perceptually more appropriate color space (e.g. IPT [23], [24]).

Figure 3. Two image regions from the Zoo image, left side is the SSIM optimal JJ2000
implementation, right side is the visually optimized JPEG2000 code, both compressed to 0.75 bpp.
Blurring artifacts on the plant in the top row for the SSIM optimal version, the reverse situation for
the tree in the second image pair.

We will also extend this work in the direction of more advanced metrics than SSIM, for example towards
the recently proposed VIF index by Bovik et al [20], [21].
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